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Abstract

®

CrossMark

Plasmonics has attracted much attention not only because it has useful properties such as
strong field enhancement, but also because it reveals the quantum nature of matter. To handle
quantum plasmonics effects, ab initio packages or empirical Feibelman d-parameters have
been used to explore the quantum correction of plasmonic resonances. However, most of these
methods are formulated within the quasi-static framework. The self-consistent hydrodynamics
model offers a reliable approach to study quantum plasmonics because it can incorporate

the quantum effect of the electron gas into classical electrodynamics in a consistent manner.
Instead of the standard scattering method, we formulate the self-consistent hydrodynamics
method as an eigenvalue problem to study quantum plasmonics with electrons and photons
treated on the same footing. We find that the eigenvalue approach must involve a global
operator, which originates from the energy functional of the electron gas. This manifests the
intrinsic nonlocality of the response of quantum plasmonic resonances. Our model gives the
analytical forms of quantum corrections to plasmonic modes, incorporating quantum electron
spill-out effects and electrodynamical retardation. We apply our method to study the quantum

surface plasmon polariton for a single flat interface.

Keywords: quantum plasmonics, self-consistent hydrodynamics method, surface plasmon-

polariton dispersion, eigenvalue approach

(Some figures may appear in colour only in the online journal)

1. Introduction

Plasmonic resonances are the intrinsic modes of metallic
systems, and these collective excitations have found wide-
spread applications in sensing [1-5], photonics [6—12], the
lightning rod effect [10] and the realization of the perfect
lens [11, 12]. Recently, with the development of sophisti-
cated and controllable fabrication techniques for metallic
nanoparticles, the quantum nature of electrons has become
more obvious and the classical description of local electro-
dynamics has become inadequate [13-24]. Quantum effects,
such as the nonlocal response [13-20] and electron spill-out
[21-24], must be taken into account. The most popular ab
initio numerical approach to studying the plasmonic quantum

1361-648X/18/084007+8$33.00

effect is time-dependent density functional theory (TD-DFT)
[25-30]. In addition, the hydrodynamics method has also
been employed to study quantum plasmonics [31-41]. While
TD-DFT is very useful within the quasi-static framework,
the method becomes very computationally demanding if it is
coupled with the full Maxwell equations to include electro-
magnetic (EM) wave characteristics such as retardation [42,
43]. It is also difficult to extract the physics from fully ab
initio numerical simulations, as the sheer volume of informa-
tion produced can be overwhelming. In order to understand
the underlying physics, semi-empirical approaches such as
the Feibelman d-parameters [44] have been introduced to
model the electron spill-out effect for a single flat interface,
and the predicted quantum corrections to surface plasmons

© 2018 IOP Publishing Ltd  Printed in the UK


https://orcid.org/0000-0002-0185-2227
mailto:phchan@ust.hk
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-648X/aaa43c&domain=pdf&date_stamp=2018-02-05
publisher-id
doi
https://doi.org/10.1088/1361-648X/aaa43c

J. Phys.: Condens. Matter 30 (2018) 084007

K Ding and C T Chan

have been verified experimentally [45-50]. The d-parameter
framework has subsequently been extended to more compli-
cated shapes through the boundary element method (BEM)
[51]. However, the method of Feibelman d-parameters is still
formulated within the quasi-static approximation, meaning
that no retardation is incorporated. From an optics and pho-
tonics point of view, the Hamiltonian (eigenvalue) approach
is used less frequently than scattering formalisms, for the
reason that many optics problems are formulated with open
boundary conditions. But the eigenvalue approach has proved
indispensable in situations where periodic boundary condi-
tions are imposed [52, 53], and it is also useful in describing
novel properties that are defined using eigenfunctions (such
as topological invariants) [54]. Up to now, essentially all clas-
sical Hamiltonian approaches assume that the system must
have well-defined macroscopic permittivity and permeability
[53]. How to include the quantum effects of electron gases in
the Hamiltonian is still an open question.

Plasmon-polariton excitations, as bound states outside
the light cone in a phase space, can be fully described
using an eigenvalue formulation. In this article, we attempt
to establish the eigenvalue approach based on the self-
consistent hydrodynamics model (SC-HDM) to investigate
the quantum correction of plasmonic modes. We find that
a global operator must exist in the eigenvalue approach
in order to make it Hermitian (in the limit of no dissipa-
tion). The existence of this global operator means that the
response of the system is nonlocal, which is consistent with
our physical understanding that classical local electrody-
namics is an approximation that will break down when
quantum effects kick in. By employing first-order per-
turbation theory, we give the analytical form of quantum
corrections to the plasmonic modes. As an example, we
apply our method to study the surface plasmon polaritons
(SPPs) of a single flat surface and find that our method
agrees with that of the Feibelman d-parameters in the
intermediate region of wavenumber space. The paper is
organized as follows. In section 2, we formulate an eigen-
value approach based on SC-HDM. The related issues on
the global operator and the inner product are discussed in
section 2.2 and section 2.3, respectively. The quantum cor-
rections to a general plasmonic mode and the dispersion
of quantum SPPs are given in section 3. Conclusions are
drawn in section 4.

2. Methods

To formulate the eigenvalue approach, we employ SC-HDM
because it treats electrons and photons on the same footing
[55-60]. However, SC-HDM uses the electron density and
not the electronic wavefunction as the basic variable, it is
not as accurate as local density functionals. Yet previous
studies have shown that SC-HDM gives reasonable results
compared with ab initio calculations [55-60] but at a much
lower computational cost. In the following, we will show the
procedure for establishing the eigenvalue approach based on
SC-HDM.

2.1 Eigenvalue approach

The first step of SC-HDM involves determining the electronic
ground state density that minimizes a density functional
GIn] subject to constraints (chemical potential and electron
number). This step requires the numerical calculation of
the equilibrium electron density ny and the effective single
electron potential Vg [60]. Once the ground state density
is obtained, the excited state calculations can be performed
numerically by coupling the linearized equations of motion
for the electron gas with Maxwell equations as [60]

w2 . B
VX(VXE)—(;)E—leOJ—O, )
V-J—iwp =0, 2)
eny oG e2ng . B
nTeV<E)1 FORE -~ (Ge k) =0, )

where w is the angular frequency, ¢ = 1/,/€ofio is the speed of
light in vacuum, m, (—e) is the mass (charge) of an electron,
E is the microscopic electric field, J is the induced current, p
is the induced charge density, and + is the loss parameter. The
first term in (3) involves the variational derivative of G[n] with
respect to the density, which is a space-dependent chemical
potential. Therefore, this term gives the nonlocal and spill-out
effect of the electron gas, an important effect at the nano-scale
that is absent in the classical electromagnetic approaches. In
principle, the density functional G[n] has many contributions,
including kinetic energy, exchange-correlation, and Coulomb
interactions. The exchange-correlation part is explicitly
quantum in nature. All other terms depend on the density,
which itself is determined variationally by minimizing G[n]
with respect to certain constraints. We can view those phys-
ical effects that originate from G[n] as quantum in nature.
Nevertheless, some of the terms can be derived through a
semi-classical approach. We will discuss the explicit forms of
G[n] later. Using (2), we see that the currents J can be used to
replace n; as the variable in (3), so we introduce an operator
KG defined as

c? eny

7KGJ = 7V(

—iw Me
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We assume that the dispersion of electrons near the Fermi
energy is parabolic, namely

Pk 1, 2 2 2
= = ~MUp = 372 ion) >/, 5
2me 2 eUF zme ( 1011) ( )
where U, kg, and nj,, are the Fermi velocity, the Fermi wave
vector and the ion density, respectively. The ion density is
defined via a dimensionless quantity ry as

3
n; = )
o 47r(rsal.[)3 ©)

Er

where ayg = 0.529 A is the Bohr radius. Furthermore, the
corresponding Thomas-Fermi screening wave vector and

plasma frequency are both defined through the ion density as
[61]
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With (4)—(7), equation (3) could be written as
iw ' PKaJ + eowg 2E — (—iw +)J —iwjw ' T =0, (8)

where fy = \/no/nien is a dimensionless quantity. Note that
we have added the term —iwgw™'J which stands for interband
resonances [52].

It can be shown that (1) and (8) could be rewritten as

Ax + vBx + *Cx = 0, 9)
where x = (E,J)", v = w/c, and

1

E=./5E, izwpfo e*oJ’ (10)
V x Vx 0
A = ~ wZ s
0 (ke—%2)f (4

0 b -1 0
B=| wr ,cz<0 f0>. (12)

c

To transform (9) into a Hermitian eigenvalue problem, we
introduce an auxiliary vector y = v~ 'Dx. Then (9) becomes

(5 <)) -C)

In the absence of losses (7 = 0), the matrix on the left-
hand side of (13) would be a Hermitian matrix, so that

V x VX 0
o (k) 0

Note that in (14) we have assumed the existence of the
inverse of D. If we define the operator Oy as

(13)

D'D=—-C""'A= (

2
“o

070, =/ (%8 Ko ) o (1s)

then the matrix D could be written as
D— —-iVx 0 16
Lo o) (16)

With the help of D, equation (13) gives the operator H for
a photonic system

0 —whojux 0

H=| ¢ c 90 (17)
—iVx 0 0 0
0 0y 0 0

If we set v = 0, then HT = H, as it must be if there is no
dissipation. Meanwhile the auxiliary quantity y is evaluated as

_c(—iVX 0) E\ Vi H "
=olo o) \i) T o) 1Y

It is easy to see that the above procedure automatically
introduces magnetic fields H into the formulations. Let us

further define H = 1o Hy and P= wpf:f/%P. Then y is
simplified as
= i (19)
I —ic(f)Jw(;IIN’) ’

We can now introduce the four-component vector:
= <E‘, .7, I~1, _iC(C)]UJ(; li’)) T The eigenvalue formulation
is then

w
Hz = —z.
c

(20)

We have now completely derived the eigenvalue approach
for a photonic system expressed in terms of microscopic elec-
tron densities rather than macroscopic permittivity. In the pho-
tonic crystal literature, H in equation (20) is often called the
Hamiltonian because it can be transformed to the wavevector
space and hence forms a Hilbert space. In the following, we
discuss the operator Oy and the related definition of the inner
product within the current framework.

2.2. Energy functional and nonlocal operator

In the previous section, we showed that the eigenvalue
approach for photonic systems based on microscopic electron
densities could be formulated using the operator OJ, which
comes from the internal energy G[n] of the electron gas. The
explicit form of G[n] should be specified in order to obtain an
expression for Oy Throughout this paper, we use the form of
G[n] used commonly in the literature [56, 60]. KG can then be
obtained as

N 2 D, C
Ro= 5[V 2|8 2L - 22[v2 2. V] }(v), )
c 3 4
where g = Vfy/fo, and the coefficients are
3 1
Do =f3"* + 3GV g = 507 43¢, - . (22)
o2 0.035X P
0= 39 2 2/3° (23)
2 (0.6024 + X, 2% ne,
8 0.035 G
C, = ~(0.0588 4+ ————— ) IIE 24
=50 06024 + X2 2 Y
Aw
C=— X = 7.8aHni10/n3, (25)
kF
2 0.035X? ¢
G= 1 5 26
9 (0.6024 + X, £33 n2l? (20)

A, comes from the kinetic energy of the inhomoge-
neous electron gas, and A 'm. describes effective masses.
It is worth mentioning that there are different choices of the
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exchange-correlation energy functional in G[n], but they all
give essentially the same result [60].

In (15), the first term represents the interband resonance and
the second term the quantum correction. The exact form of o}
under the energy functional operator Kg is not easy to obtain
because it involves fractional derivative operators [62]. The
leading differential order in (21) is the first-order derivative,
and hence there must exist d'/? terms in O]. Mathematically,
the fractional derivative of A(x) to order p is often defined by
means of Fourier or Mellin integral transforms [62]. d”h(x) at
a point xy is a local property only when p is an integer, but if
p is not an integer, then d”h(x) at xo not only depends on the
values of h(x) near xo, but also relates to A(x) in the whole
domain. This indicates that Oy must be a global operator, illus-
trating that the response of the electron gas is nonlocal, which
is consistent with our physical understanding as shown in (3).

However, if we assume that the second term in (15) is
much smaller than the first term, then the operator O] could be
approximately written as

OJ ~ Mio |:

_ if”f(c,f} 27
Zw(Z) 0 0f- ( )

Using (27), the fourth component of z can be explicitly

written as
oG
7p) = —) .
wp,/eooj(fo ) v(én)l

In classical approximations, G[n] = 0 (KG = 0). Then (28)
recovers the results in the literature [52, 63]. Therefore in
addition to the classical Hamiltonian for a dispersive medium,
we should include the modulations of energy functional G[n]
under EM waves in the formulation.

—ic 4

p_ Voo

2ewy (28)

2.3. Inner product

For a completeness method, we define the inner product as

1 * 1 *
<Zm|z;1> == /dr{zllron M Hn + §€0Em 'En

1 1 A N
|:72J;kn 'Jn + cz(O;fO_lP;kn) : (Olfo_]Pn):| }»

ZW%EO 0
(29)

where the factor of 1/2 is the normalized factor that makes the
product the total energy of a certain state [52, 53]. Using (28),
the inner product (29) could be explicitly written as

1 1
<zm|zn> = /dr{ZNOH:I -H, + EEOE;:, -E,
2

1
* * P
+72w§f02€01 At 5 pfo P, P

el (D), e v(if»,,]}.

(30)

The bracket in the integral is the energy density of a par-
ticular photonic state (for m = n) with the internal energy of
the electron gas taken into account. Let W, denote the bracket.
Then the orthogonal condition (29) used within this method is

) = b [ arw,) .

Note once again that our method is an eigenvalue approach,
while others are based on the scattering approach [57].
Computationally, the incident EM wave must be specified for
the scattering approach, and the focus is on the scattering of
the incident wave by the plasmonic object. Our method solves
an eigenvalue problem, similar to band dispersion calcul-
ations, and the output consists of the eigenmodes (e.g. sur-
face plasmons) supported by the system. Thus the eigenvalue
approach shown in this section is quite different from the scat-
tering approach although the partial differential equations are
the same.

3. Results and discussions

We have established the eigenvalue approach based on
SD-HDM. In this section, we give an explicit expression
for quantum corrections to certain plasmonic modes using
first-order perturbation theory, and discuss the dispersion of
quantum SPPs for a single flat interface.

3.1 Quantum correction of plasmonic modes

To study the quantum correction of particular plasmonic
modes, we can treat the terms involving quantum correc-
tions and loss in (17) as the perturbation potential, namely
H = Hy + H; in which

0 e jyx 0
iwpfion 0 0 _iwg
Hy = ¢ c |, 32
T loivx 0 0 0 (32)
0 ko 0 0
0 _iwp(fO*fion) 0 O
iw, (f *fion) ic
H, = % _% 0 2‘”0 0 Gfo s
0 0 0 0
0 —5< i 'Kafo 0 0
(33)

where  fion = /1 /nion, and n;j describes the ion density
in the jellium model [60]. Mathematically, fion = lm(r)
is the indicator function and M stands for the union of
all metallic domains Suppose the eigenmodes of H, are
H, z(o) =c” w,(,,o Zm (m is the plasmonic mode index). Then
perturbation theory gives the first-order corrections to the
plasmon resonance frequency w,§?> as
i @ ()

m = (34)
<Zr()? ) |Zr(r? )>
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o 1 1 _ il~* 7 iw,,(fo _fion) ~% T ~% 7
_fdrwfn‘”/dIZ{ 17, J e S0 (5B~ B )

+ 2‘—20 (705 RafoP = Pofy ' Kefod ] } (35)
where W,E,O) denotes the classical energy density of the pho-
tonic state, i.e. setting G[n] = 0 in (30). For simplicity, we
have omitted the superscript (0) in the fields (E,H, P, J) and
will use this notation in the following. Before proceeding,
let us discuss the conditions under which the perturbation
approximation holds. The condition |H,| < |Hy| indicates
that the variations in ground state densities and the surface-to-
volume ratio of the nanoparticles should be small.

In (35) there are three terms: the first one is due to loss, and
the other two terms are quantum corrections. The first term is
a purely imaginary number, which could be evaluated as

B C P S ;W/ 1
" f dFW,g,O) 2(4]1%60 Jion

This is consistent with classical EM results in [52]. In order to
relate the other two terms to the Feibelman d-parameters (d |
and d) defined in quasi-static approximations which are used
to explain quantum corrections to plasmonic modes [44], we
introduce the quantum correction factor F as follows:

(0) (1)

Wm Wm
Q=—, O =—.
“p Wp

I

‘ 2

(36)

F =400, (37)

Within the quasi-static limit, BEM gives the quantum cor-
rection factor as F = d  Aj +d)Ajand

[ xpidx (A9 — 1 (0o
D= MT T gopoy GY
(V161930 ®)
dy = / (fd —f2)dx  Aj =26 ‘é ¢(0)|a(l(‘))> . (9)
2 = %(1 +A©), (40)

where 0 and ¢(© are the surface charge density and the
electrostatic potential in the classical model [51]. Within the
quasi-static framework, the quantum correction factor F can
be factorized into the shape factor A | and the electron spill-
out factor d, |. However, while the d-parameters are well
defined for a single flat interface, they are not applicable to
the description of nanoparticles with complex geometries,
especially those with sharp corners.

Next, we give the explicit form of the quantum correction
factor within our method. Using the properties in the classical
model
B 50(4]2 ion (41)

=12
Jm = 1w Wpe()fionEm’ Pm =

wz EWH

we could explicitly obtain

2
E,

4e
}-:ﬁTXZ/(O) /d" {(fo — fion)
s
49(2)q%1: waO

[E; . Kg(WOfOEm) +woE,, - KG(fOEm)] }

(42)

The first term in the integral depends on the electrostatic

surface dipole and electric field intensities, while the second

term originates from the nonlocal operators, indicating that

the second term depends more on details of the mode than the

first one. To obtain physical insights into this correction, we
keep the leading derivative term in Kg, namely

- 20%D,
Ko~ —5578(V"). 43)
Then (42) becomes
4e 5 D, )
F= T\Z/,E,O)/dr {(fo — fion) Em‘ + ngl%F(Em -g) {V~E,,, +g'Em] }

(44)
where we set wy = 0 because of our focus on plasmonic
systems. Firstly, according to our method, the contributions
from the electron spill-out effect and shape effects to the
quantum corrections are mixed. Moreover, the first term in
the bracket does not have any feature length explicitly, but the
second term carries the Thomas-Fermi screening length scale
bp = qT_Fl. For example, the typical value of /g is 0.675 A
for sodium. Secondly, the major contribution to the integra-
tion comes from the surface region of the metallic particles,
because (fy — fion) is only nonzero near the surface region,
D, is zero in the bulky vacuum domain, and g is zero in the
bulky metal domain.

To seek a clearer understanding, we use the following
relations:

€0V - Eyp = pi) + o) 55 (r), (45)

A% (s) ()
(g.Em) (s) = (g. Em,”)(s) S e ok SEOM,
(46)

g, and pg,); and U},(’),Z, are bulk and

where g, =g-n, g=1|g
surface charge densities, and ||/ L stands for tangential/normal
directions of the surface OM. Then we could simplify the
quantum correction factor F in (44) as

2

2
fdr |:(f0 _fion) Em —‘,—szfdr Del ‘g‘zlg Em‘

460

G P 0
F= fer(O) to fonA(s) |:D€1g<g'Em,>U;,r21:| (s)
m

} (5)
@7)

where the feature length €2, = (2.0 is determined from
classical results and material properties.

A0 0
- 2e%v faMdA(s) |:DelgL’0'£’,31
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Figure 1. (a) Schematic diagram of a single metallic interface formed at x = Onm by metal (x < Onm) and vacuum (x > Onm). (b) The
values of D, \g\zé%];, D, |g|trr and D,,g | {1r as a function of x near the surface region for a single interface shown in (a). The metal used

here is sodium with r;, =4 and A\, = 0.12.

0.8 0.8
(a) (b)
0.7 |
0.7} “——=—
. 06}
8
8
0.5 —— Eigenvalue
—— d-parameter|
0.4 —— Light cone
, Classical
03 1 /, I/ 5| 1 " 1 1 1 1 "
0.0 0.2 0.4 0.00 0.01 0.02 0.03 0.04 0.05
q/k, q/k,

Figure 2. (a) Dispersion relations of SPPs calculated using our model (solid red line), d-parameters (solid blue line), and the classical
model (solid green line). The light cone is plotted with the solid dark gray line. The shaded area is the electron—hole pair region, which
means that loss is prominent. (b) An enlarged view of the dispersion shown in (a) in the small wavenumber limit.

There are four terms in (47). The first two are volume int-
egrals in all of the space, but the contributions mainly come
from the surface region of the metallic particles. Meanwhile,
the last two terms are integrals on the metal surface. Therefore
the quantum correction factor F is nonnegligible only for par-
ticles with a large surface-to-volume ratio.

3.2. Dispersion of quantum SPPs

In this section, we aim to apply our method to a single plas-
monic interface as shown in figure 1(a). To see the coefficients
in (47), we plot D,;|g|*(3s, D.1|g|frr and D.ig | f1r of this
single interface case in figure 1(b). It is clear that all of the
coefficients are nonzero near the surface as expected.

The next task is to explicitly write down the classical
results of SPPs for the system in figure 1(a). The magnetic
fields are given as

H' = zH, exp (igy + ax — iwr) @ — ot =k, (48)

H? = zHy exp (igy — aox — iwt) @ — b=k, (49)

where kg = w/c, g is the parallel wavenumber, and «;, > 0.
The related electric fields are

E =

[x?iq - jioq} Hyexp (igy + a1x — iwt), (50)

WEYE,

E* =

{fciq +j’a2] Hy exp (igy — apx — i0wr).
WeE(

(1)

The boundary condition of E|| gives the dispersion relation of

SPPs as
e (52)
0 2 4 9
where the dimensionless quantities & =gq/ky and

n = £Qo = gc/w, are introduced to simplify the expressions.
The quantum correction factor F in (47) for the single
interface case can now be given term by term. The first term

in (47) is
Ao / dr l(fo ~ fon)

T (53)

2
Em‘
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_ 8 2 )
5] (-¢?)[@e-eIm+14], 4
with the following notations:
0(¢) = —C +4¢C —6¢ +4, (55)
0
= / dx (fo — fion) exp (2ayx), (56)
I, = dx (fo — fion) €xp (—2apx). (57)
0
The second term in (47) is
= fdr Tl [ ar |Dalsfle B (58)

:%ﬁrp (2 - 5—2) {(1 e A (1- 5—2)_112+]’

(59)
where
0
= / dxD, |g\2 exp (2a;x), (60)
+oo )
L, = dxD,1|g|” exp (—2azx). (61)

The third term of the quantum correction factor F in (47)
for the single interface case is zero due to the fact that g is
perpendicular to the surface. However, for particles have cor-
ners, g must have a parallel component to the surface, so this
part of the quantum correction factor can become prominent.
The fourth term of the quantum correction factor F in (47) for
the single interface case is

o 460 —A(O)Eg’m
- et [ o o o]
62
I 0% (1 —2¢%)?
e Wen—e Pl ©

The full numerical results of the SPP dispersion with
quantum correction factor F are shown by the solid red line
in figure 2(a). For comparison, we also plot the SPP dispersion
of the classical model and the d-parameter method using green
and blue lines, respectively [44, 51, 60, 64]. A magnified ver-
sion of the SPP dispersion in the small wavenumber limit is
shown in figure 2(b). We see that the d-parameter approach
works reasonably well in the intermediate region of g space.

Before ending this section, let us discuss the asymptotic
behaviors of F. Firstly, in the limit of a small ¢, namely
£ — 1T, Fina =~ 0 because ay — 0, as shown by the red
and green lines in figure 2(b). Secondly, in the large ¢ limit,
namely & > 1,

Fi~ 4q 2080 + 1y, (64)

Fo ~ 4l [12, + IH], (65)

Fum 496 (Daage )| (66)

It is not difficult to see that F4 < Fj,, and if we are only
concerned with the behavior near the plasmon resonance

(= wp/ V/2), then the quantum correction factor could be fur-
ther simplified as

F =4[l + Gy, )

where I) =I;,_+1;,4+ and I, =1,_ +1,,. These two
integrals are infinite series in ¢, and the leading order in g
is a constant, indicating that F in (67) is linear in ¢. This is
numerically shown by the red and blue lines in figure 2(b).

4. Conclusions

We formulated an eigenvalue approach for plasmonic reso-
nances using the SC-HDM. We showed that the Hamiltonian
carries a global operator, indicating that the response of
quantum plasmonic resonances is highly nonlocal at the nano-
scale. We derived the analytical forms of quantum corrections
to a general plasmonic mode. The calculated dispersions of
quantum SPPs for a single interface show that the Feibelman
d-parameter method agrees quite well with our results up to
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