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CrossMark
Abstract
We show logarithmic stability for the point source inverse backscattering
problem under the assumption of angularly controlled potentials. Radial
symmetry implies Holder stability. Importantly, we also show that the point
source equation is well-posed and also that the associated characteristic initial
value problem, or Goursat problem, is well-posed. These latter results are
difficult to find in the literature in the form required by the stability proof.
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(Some figures may appear in colour only in the online journal)

1. Introduction

For a potential function ¢ supported inside the unit disc B in R and a point a consider the
point source problem

(af—A—q)U”(x,t):6(x—a,t), xeRteR, (1)

U(x,1) =0, xeR,t<0. ()

We define the point source backscattering data as the function (a, r) — U“(a, 1). This paper has
two goals: to prove the well-posedness of (1) and (2), and then to solve the inverse problem
of determining ¢ from the point source backscattering data U*(a, t) witha € OB and ¢ > 0.
The ordinary inverse problem of backscattering for arbitrary potentials is a major open
problem. In it the scattering amplitude A(%,6,k) is measured for frequencies k € R4, inci-
dent plane-wave directions || = 1, and measurement direction ¥ = —f. The question is
whether such data corresponds to a unique potential g. This question has been solved in the
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time-domain for an admissible class of potentials in [RU1]. For a more in-depth review of
earlier results please refer to [MU].

Traditional backscattering applications include radar, fault detection in fiber optics,
Rutherford backscattering and x-ray backscattering (e.g. full-body scanners) among others.
What’s common to all of these is that the measured object (or fault) is located far away from
the wave source. From the point of view of the Rakesh—Uhlmann [RU1, RU2] techniques
the classical backscattering problem in the time-domain behaves as the point source problem
with source at infinity. This means that the problem (1) and (2) models a situation where the
wave source is close to the object under investigation, for example in the order of a few wave-
lengths. Therefor our results imply that backscattering experiments would give useful infor-
mation even when the object is close. For example one could imagine using the backscattering
of sound, radio or elastic waves to find faults in an object of human scale.

Uniqueness for the inverse backscattering problem related to (1) and (2) was shown by
Rakesh and Uhlmann for an admissible class of smooth potentials in [RU2]. We shall show
stability for their method. In addition we will show that the direct problem is well-posed in the
sense of Hadamard, including all the required norm estimates.

The question of well-posedness of the direct problem would seem well-known to the
experts at first sight. However this result is very difficult to find in the literature for non-
smooth potentials and with explicit norm estimates. We hope that future research on the topic
finds the explicit proof convenient.

The main motivation for this paper is the proof of the following stability theorem. As in
[RU1, RU2] it applies to a class of potentials whose differences are angularly controlled.

Theorem 1.1. Let B= B(0,1) C R? and fix positive a priori parameters S, M < oo and
h < 1. Then there are €, < oo with the following properties:

Let q1,q2 € C[(B) with norm bounds ||q;|| -» < M. Assume moreover that supp g, and
supp g, are no closer than distance h from OB. If q1 — q» is angularly controlled with
constant S, i.e.

S [ oa-eFen<s [ ool

i<j |x|=r

for any 0 < r <1 where Q; = x;0; — x;0; are the angular derivatives, then we have the
following conditional stability estimate

4
lar = a2l o (gy=ry) < /7 Ut - U3 “)

for any given positive r. Here U{ and Uj5 are the unique solutions to the problem (1) and (2)
given by theorem 1.2 with a € OB, ¢ = q1, ¢ = q2, and

a a 2 a a 2
|Uf = U3||” = sup / |0-(7(Uf — U3)(a,27))|" do(a)
0<r<1Ja|=1

is the backscattering measurement norm that we impose.
A fortiori we get the logarithmic full-domain estimate

| —1/4
a1 — q2|| <D (ln H) )
LA(B) |UY = U3l



Inverse Problems 33 (2017) 125003 E Blasten

when ||U¢ — US|| < e='and | q; — @l < DU — Us|| otherwise.
If instead of angular control for q1 — q> we assume the stronger condition of radial sym-
metry, we have

g1 — qz”m{m:r}) L (e

where a« = a(M, h, B), and this implies the full domain Hélder estimate
1
a1 — @2l p2py < @ || U — Uz =

The proof of the above theorem is presented in section 4 and is based on the innovative
techniques from [RU2]. It starts with writing the data U¢(a,27) — U4(a,27) as an integral
involving g; — g and solutions to (1) and (2). The linear part of this integral is the average
of g1 — g» over spheres with centers on OB. Proposition 4.2 is key for inverting the linearised
problem and its perturbations. The inversion formula to this, and to the corresponding lin-
earized problem in plane-wave inverse backscattering—which is the Radon transform—is an
ill-posed operator. Angular control and Gronwall’s inequality give uniqueness and logarith-
mic stability to the linearized problem, and also to the full nonlinear inverse problem.

From the point of view of applications the logarithmic stability seems unpleasant. If we
knew in advance that g; = ¢ in a fixed neighbourhood of the origin, then (4) would give us
a Lipschitz stability estimate ||q1 — 2|25y < C [|U} — U5||. However it is not clear under
which conditions g; — ¢> would stay angularly controlled if the origin was moved to another
location, e.g. outside of their supports. The method of this paper and [RU1, RU2] is centered
around angular control so further work should focus on understanding this condition. When
the integrals that use this condition are ignored, as happens when ¢q; — ¢ is radially symmet-
ric, we get Holder stability.

It would be extremely surprising if Holder stability was possible in general. The fixed fre-
quency multi-static inverse problem is known to be exponentially ill-posed [Man]. Counting
dimensions, this problem is overdetermined in R® while the harder backscattering problem is
determined. However no formal inference can be made since there is no known direct way of
deducing the multi-frequency (or time-domain) backscattering data from the fixed frequency
multi-static data. Furter comments on this complex issue deserve a completely new study.

Showing the well-posedness of the direct problem (1) and (2) is a major effort. This has
to be done for two reasons. Firstly because the proof of theorem 1.1 requires norm-estimates
related to the solution U“. These estimates are lacking from the literature. Secondly, it makes
sure that the backscattering data U“(a, t) is smooth enough for the above theorem to say any-
thing meaningful.

Theorem 1.2. Letn > 7and B = B(0, 1) be the unit disc in R>. Let g € C"(B) and a € OB.
Then the point source problem (1) and (2) has a unique solution U® in the set of distributions
of order n. It is given by

0(t — |x — af)

U'(x,t) =
(x.1) 47 |x — a|

+H(t =[x —al)r'(x1) (6)

where r* € C'(R® x R) and &, H are the Dirac-delta distribution and Heaviside function on
R. Forany T > 0 and M > ||q|| o it has the norm estimate

[l 1@ x o1y S Crm- 7)
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Moreover U“ is Cl-smooth outside the light cone t = |x — al|. In particular the map
(a,7) — U%(a,27) is well-defined OB x (0,1) — C and continuously differentiable in .
Furthermore

sup sup |97 (U] — U5)(a,27)| < Cullar — 2l »
acodB0<T<1

for solutions U} arising from two potentials g;, j = 1,2 and for any B e€{0,1}.

The proof of the above will be done by a progressive wave expansion. This will lead us to
a characteristic initial value problem called the Goursat problem. In [RU2] this problem was
mentioned briefly with reference to [Rom]. Another well-known source on the point source
problem is [Fri]. The former studies the point source problem in low regularity Sobolev
spaces, which is not good enough since we need a uniform 0,-estimate. The latter suffers from
too much generality and considers only C*® smooth coefficients, without any norm estimates.
Neither reference mentions the Goursat problem by name or defines it explicitly.

There are other sources, more focused on the Goursat problem. For example [Cag] is very
detailed on the topic but seems to have slightly larger smoothness requirements than we do.
See also [Ball, Bal2] for a very detailed analysis but their model has a region removed from
the middle of the characteristic cone. Therefor we shall also prove well-posedness of the
Goursat problem.

Theorem 1.3. Forn € N,n > 5 let ¢ € C"(R?) and g € C"*(R?) with the norm bounds
gl < M and||gl| s> < N. Then there is a unique C' solution u to the problem

(07 — A —q)u=0, x € R 1> x|
u(x,t) = g(x), xeR3r=|x].

Itis also in C*(R® x R) where s = | %52 | and satisfies

(O + 0r)u = 0,8, x € R 1= x|

where 0, = |§—| -V
Forany T < oo the solution has the norm estimate

||MHCS(R3><[O,T]) < CramN.

Finally, if q1,q> € C"(R?) and g1, g» € C"*(R?) then their corresponding solutions satisfy

lur = s

C(R¥x[0.T]) < CT,n,M,N( ||Q1 —q2 o1 (R?) + ||gl — &2 2 (R3) )

We will use the following notation for function spaces of continuous functions.

Definition 1.4. Let s€ N and X C R for some d € Z;. The set C*(X) contains all
f: X — C that are s times continuously differentiable. A subscript of ¢ as in C¥(X) indicates
compact support in X.

Given 5,7 € N we denote by C*(R3xR) the space of continuous functions

f: R? x R — C for which 8)?‘8,5f is continuous when a;; + a + a3 < sand 5 < 7.
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For estimates,

Hf”o(x) = Z su);;|(’*)°‘f(p)|

lal<s P€

cirn = D Sup

(xr)ex

If

00O (x.1)|

lo| s
B<T

where « is a multi-index of appropriate dimension.

A priori no uniform bounds are required above. The solution to the wave equation has finite
speed of propagation so the qualitative statements of our results stay true even for continuous
but unbounded functions.

2. Goursat problem

The goal of this section is simple: prove the well-posedness of the Goursat problem, includ-
ing norm estimates of the solution with dependence on the potential g and Dirichlet data g on
the characteristic cone. Before that we will show informally how the point source problem is
reduced to the Goursat problem, or characteristic initial-boundary value problem. Lemma 3.1
validates these informal calculations.

If §, H € 2'(R) are the delta-distribution and Heaviside function, then applying the opera-
tor 9> — A + g to the ansatz

o(t—|x —al)

U'(x,t) = pryp— +H(t— |x —a|)r'(x,1) (8)
gives
6t = x—al)  q(x)d(t— |x—af)
2 A a_ (92 _ _
(O —A-q)U" = (9 = 4) 47 |x — a| 47 |x — a|

ot — |x — af)
x —al

+6(t—|x—a))( —r")+2 (|x—a| 07 +r* + (x —a) - VF%)

+H(t— |x —a))(0? — A — g)r“.
Now U“ will be a solution to (1) and (2) if
(0} = A —q)r* =0, x€Rt> |x—dq,
q

(|x—a|8,+1+(x—a)-V)r“:§, xeR 1= |x—aq|.

However if F(x) = |x — a| ¥*(x, |x — a|) then the chain rule shows that

Xx—a e N a N - q(x)
—al VF=(x—a|ld+1+x—a) V)r'(x,|x—a|]) = o 9)
and solving for F' gives
1 1
r(x, |x]) = —/ gla+ s(x — a))ds. (10)
81 Jy

Proving the converse requires more assumptions, so we will skip it now. Instead we shall
show that the Goursat problem
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(07 —A—q)r* =0, xeRNt> |x—d, (1D

=g, x€R3,t:|x—a| (12)

has a unique solution in C' for any ¢ and g smooth enough, and that this solution also satisfies
the boundary condition (9) when g is chosen from (10). Natural smoothness conditions are
g€ Chand g € C"12,

Definition 2.1. For k € Z define the function R? x R — R

ey [ EHE, ken
X, 1) = b .
7 0, k<0

Lemma 2.2. ForneNletqe C"(R*)and g € C"T*(R?). Let m < | 4] + 1 be an integer.
Then define v: R? x R — C by

m

v(x, 1) = Z a(x)7* (x, 1)

k=0

where the functions ay are defined as

apx) = glx), R, (13)
1

ay1(x) = %/ (g + A)ag) (xs)ds, R3. (14)
0

Then a;, € C"2=2K(R3). They have the norm estimate

k
L+ (gl ongray
[[icll oot (may < <4 18l cre sy -

If q1,q2 € C*(R?) and g1, g € C"T2(R?) then for the corresponding sequences ayy and ay,
we have

k k-1
lat — aallcrio-n < (14 M) 181 — g2l oz + (1 + M) N g1 — g2l

whenever M = ||g;

(O} = A —q)v=—(q+ A)a,y", xR tER,
v(x, 1) = g(x), xRt ==+«

o and N = ||gjl| uro. Moreover

Proof. Let us start by showing the norm estimates. Obviously ap € C"72(IR3) with estimate
llaol| co+> = ||g]| cn+> and @g; — a@p in norm. Assume that a; € C">~2. Then gay has smooth-
ness min(n, n + 2 — 2k), and Aay, has smoothness n — 2k. Hence dk1 has smoothness n — 2k
at worst, with norm estimate

1
lakillei-a < 7 (14 llgllen) lagllorsa-a
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whose coefficient could be improved by taking into account the value of the integral fol sk1ds.
The norm estimate for a general k is

1+ [lgllen )
||ak||cn+2—2k < < 4 C Hg
by induction.

For the difference we note that

Cn+2

1 1
(a1 — agriy) (x) = Zl/ ST (g1 + A)ags — (g2 + A)ag) (xs)ds
0

and thus

Ha(k+1)1 - a(k+1)2”cn—2k

(I +llaille) law — aell grsa-z + llgr = g2l
k

(1 +M) Hakl - ak2ch+272k + (1 + M) NHC]] - q2||cn

2 || on—2

<
<

in terms of the a priori bounds. The norm estimate for the difference is now a simple induc-
tion.

The claim (9> — A —q)v=—(q¢+ A)a,y™ follows from noting that ag =g,
dx - Var +42 +Karry — (g + A)ag = 0, and 9% = 204471, VA* = —2x7% =1 and then
finally applying 9> — A — g to the definition of v. O

Lemma 2.3. Let n,7 €N, g€ C*(R?) and F € C""(R® x R). Assume that F(x,t) =0

when t < |x|, and consider the problem
(P —A—qw=F, xcR,tecR, (15)
w=0, xeR,t<0. (16)

It has a solution w € C™" (R3 x R) which moreover vanishes on t < |x|. Given T < oo and
M > ||q||C”(]R3) it satisﬁes

||W IC/l,T(Rf;X[O’T]) < Cram HF||CS»T(R3><[0,T])

where

e CmMmTZ(m+1)
C n = Cn‘r z
T M : ;4m+'(m—|— D)l(m+2)

'<oo

and C, ; and C,, are finite and depend only on the parameters in their indices.
Finally, given such qi,q> and F, F; let wi,w, be the corresponding solutions. With the a

priori bounds ||g; owyy S Mand I Fjll v ®x1]) S N we have

||W1 ) v (R3x[0,7]) < CT,n,M,N( HFI ) o (R3x[0,7]) + ||6]1 —q2 CIX(R3))

where Cr, pm N IS finite and depends only on the parameters in its indices.
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Proof. Consider the operator

f(x—y,t—lyl)dy

Kf(x,t) =
f(1) R3 4 |yl

giving (8> — A)Kf =f for compactly supported distributions f € &”(R* x R) and
Kf(x,t) = 0 for t < inf, supp f. This is also true for f supported on |x| < ¢ (see theorem 4.1.2
in [Fri]) and then the integration area becomes |x — y| + |y| < ¢. By lemma 5.4

lz_‘x|2
8 El

t> |x]

o 9B
%9 Kf (x, ;)‘ < JSUPRIx o | 0RO f
> (<

when 8)?‘8,5 f is a continuous function. In essence Kf has the same smoothness properties as f.

The equation (87 — A —¢g)w=F with w=0 for negative time is equivalent to
w = KF + K(gw). Set wy(x,t) = KF(x,t) and w11 = K(gwy,), and we will build the final
solutions as

oo
w = E Wi
m=0

We see immediately by the properties of K that w,, € C*™ (R x R) for all m and that they
vanish on ¢ < |x|. Moreover
2 — |x*

8

829 wolx, ;)] < sup
R3 % [0,7]

afafF]

when ¢t > |x|and o) + ap + a3 <n, B < 7.
Let us prove the claim by induction. Assume that for any a; + as + a3 < nand 8 < 7 we
have

« m 2\m
o atﬂwm(x’ t)‘ < Cullg Cn(R3) IF T (R3%[0,1]) (tz — Ix[%) i (17)
for some C,, which might depend on the other parameters. Then recall w,, = 0 for t < |x| and
the definition of Wi+1. We get

/ 02 (q(x — )0 wi(x — y.1 = y])) &
R3

4 |yl

020 w1 (1) =

(6% m+1
<G X (%) Il 1Pl oo

y<a
2 +1
/ (D &
le—y| vl <t 4m |yl
CmCs,n

m+1 2\m
= e oy (2 — 6P

4(m+2)(m+3)

where the last equality comes from lemma 5.4, and where
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We also have wyyi(x,#) =0 for < |x|. Hence we have the recursion formula
Cni1 = CnC,/(4(m+2)(m + 3)) and Cy = 1/8. This implies that (17) holds with

_ %4

At (m 4+ 1) (m + 2)!

Cn

form=0,1,....
The series

oo S o Pk 2 2ym+1
. 7 ey (2~ )
> foraeate 0| < 32 g g 2y Il @ston

m=0 m=

converges uniformly for any 7, |x| under a given bound, so the function w is well defined. Note
that the extension of 2 — |x|* by zero to # < |x| is continuous. Hence 6‘36‘? w is continuous in
R? x R when o + s + a3 <nand 3 < 7. Thus w € C*"(R? x R).

The final claim, continuous dependence on ¢ and F, follows from the previous estimates.
Namely, we note that wy and w, satisfy the assumptions of the source term F, and the differ-
ence w; — w solves

(07 = A= q)(wi —w2) = Fi = F2 + (q1 — q2)m2
with w; — wy = 0 for ¢ < |x|. The C"7(R? x [0, T])-norm of the right-hand side is bounded
above by

Cram(||F1 — F>

o Cram |F2]| nr )

o g — a2

and the claim follows from the a priori bound on F». |
Lemma24. Letu: R x R — C be a C'-function satisfying
(0 = A — q)u=0, x € R 1> x|
u(x, 1) = g(x), x € Rt = ||
for some g € C°(R3) and g € C'(R?). If g = 0 thenu = 0 in|x| < t.
Proof. Define

E(1) = / (0 + |Va* + [uf*)dx.
[x] <t

We would like to differentiate E with respect to time, however the lack of continuous second
derivatives prevents us from doing that directly. Let ¢ be a mollifier and u. = . * u. Let

Ec(1) = [, (10me]* + | Vuc|* + [uc|*)dx. Then
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E;(;):/ (0 + [Vite P+ e )do(x) 2% [ O - Pucdx
|x]=t

<t

+2R Vou, - Vu.dx + 2R Oyu tizdx.

Ixl<r xl<t

Integration by parts shows that the third term is equal to

X

2R Ot - Vuedo(x) — 2R OwueAudx.

|x|=t x| x| <t

By combining both equations above and using 0?u. — Au. = @, * (qu) we get

EL(1) = / = dute + Vue
|x|=t x|

+2R atue(us + e * (qu))dx

xl<e

+ u€2> do(x)

Integrate this with respect to time. Since u. — u in C' locally as € — 0, we get

E(t) = /Ot/x|_s (‘i&u%—Vu

t
+ / 23R (1 + g)Osuudxds.
0 |x|<s

2
+ u|2> do(x)ds

Let us deal with the boundary integral next. Define u;(x) = u(x, |x|). Then calculus shows
that Vi, (x) = (Vu + ‘;‘—‘&u)(x, |x|) because V |x| = x/ |x|. On the other hand the boundary
condition of u shows that u;, = g. Thus the formula inside the parenthesis above is equal to

2 2
Vel™ + el
Note that [; f\x\:s f(x)dxds = f‘x‘ <. f(x)dx for time-independent functions f. Then, since
2R(AB) < |A]* + |B|?, we get

t
E() < /| (98l + g )ax (14 lall) / / (o )
x| <t x|<s

The last integral has the upper bound fot E(s)ds. Gronwall’s inequality, for example appendix
B.2.k in [Evans], shows that E() = 0 when g = 0. O

We are now ready to prove the well-posedness of the Goursat problem in the sense of
Hadamard. Strictly speaking the same proof shows existence in C° when g € C?, g € C*, but
then we cannot guarantee uniqueness or the boundary identity that’s stated with 9, and 0, .

Proof of theorem 1.3. This is a consequence of the uniqueness of lemma 2.4, the pro-
gressive wave expansion of lemma 2.2 and the initial value problem of lemma 2.3. Let
m = |(n+1)/3], which has m > 2 and n > 2m + 1, and set

V(1) = g(x) + a1 () = ) + - + a0y (x. 1) (18)

10
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for (x,z) € R? x R, as in lemma 2.2. We have ||ag||cir2-n < Co(1 4+ M) A in R3. Then
v(x, |x]) = g(x) but (0f — A — q)v = —(g + A)any™.
Next let

F(x,t) =

{(q + Ay ()" (x,1), 1> |x] (19)

0, t < |x|

be our source term for an initial value problem. We have (g + A)a, € C"~2"(R3), but
X{r>p3y™ is in C"1(R? x R). Hence F € C"™(R* x R) using the notation of lemma 2.3
whenever ng + 79 < m— 1 and ny < min(n —2m,m — 1) = m — 1. In other words when
no + 79 < 5. Given T > 0 the source has the estimate

IF

C"0°T0 (]R3 X [O,T]) < CT,n,MN-

We can also write out the estimate for v now that the smoothness indices are fixed. Note that
+* is infinitely smooth in R? x R, and a,, has the worst smoothness among all the coefficient

functions in (18). Thus

||V||C"o«7'o(R3><[o’T]) < CT,n,MN (20)

too since ny < m and ay is independent of 7.

Let w solve (9? — A — g)w = F in R®> x R with w = 0 for < 0. Lemma 2.3 shows that
such a w exists in C"™(R3 x R) and it has support on ¢ > |x|. Given T > 0 it has the norm
estimate

[[w cromo(RIx[0.T]) S Crn N 2D

by the estimate on F.

Since s > 1 then F € C%' N C'Y with support in ¢ > |x|. This implies that d,w and V,w
are continuous. Since w = 0 when ¢ < |x| we see that (9, + e V)w = 0 for t < |x|. Next
consider v. We see that on 7 = |x|

2t, k=1,
@%@0:{0 k#1

and

—2x, k=1,
v”k(x’t)_{o k#1

s0 Oy = 2ta; and V,v = Vg — 2xa, (x) if t = |x|. This implies that

(3,+X-Vx)v:|i|-Vg(x)

I
ont = |x|.

If we set u = v+ w, then we see that u(x, |x|) = g(x) and (0; + 0, )u = d,g ont = r = |x|
because w is continuous in R* x R and supported on ¢ > |x|. Moreover u € C® since

1
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||u||CY(R3><[0,T]) S C sup Hu||C"0«"0(R3><[O,T])
no+70<s

and this gives us the required norm estimate from (20) and (21). Finally
(?—A—qu=(?—-A—qgv+F=0ont> |x|.

The estimate for the difference of solutions u; — u; to two Goursat problems follows from
the corresponding estimate for vi — v, of lemma 2.2 and for w; — w; of lemma 2.3. After us-
ing the latter note that

|F1 — F2||C"0vfo < CTJl(l + M) llami — amZHcﬂo + la1 — 2| ||am2||c”o

holds and thus can be estimated above by the norms of g; — g2 and g; — g». O

3. Well-posedness of the point source backscattering measurements

Now that the Goursat problem has been taken care of we can focus on the point source prob-
lem. We will show that given a C’(B) potential ¢ there is a unique solution to (1) and (2), and
we can define the associated backscattering measurements. Moreover these measurements
depend continuously on the potential, with linear modulus of continuity.

Lemma 3.1. Letq € C°(B)and a € OB. Let r* € C'(R? x R) solve the problem

(07 — A —q)r* =0, x€R > |x—a,
(|x—a|a,+1+(x—a)-V)ra:8i, xeRr=|x—d|.
™
Define
vige ) = U= W=D g e ey

47 |x — a|

where §,H € 9'(R) are the delta-distribution and Heaviside function. Then U" is a solution
to the point source problem (1) and (2).

Proof. Take the above form of U as an ansatz and note that the first term is the Green’s
function for 9 — A
o(t—|x—a
@ -l g g (22)

47 |x — a|

by for example theorem 4.1.1 in [Fri].

Since the function 7 in our ansatz is a priori only C', we will use a smoothened delta-
distribution and Heaviside function. For € > 0 let d. : R — R be smooth, supported in ]0, 2¢],
positive, and [ 6. = 1. Let H_(f) = fioo J<(s)ds. Then d. converges to the delta-distribution
as € — 0 and H. to the Heaviside function. Let our new ansatz be

Oc(t — |x — af)

Ue (1) = 47 |x — a

+ H(t— |x —a|)r“(x,1).

12
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Let us calculate the derivatives of the second term in the ansatz next. Note that
V - (x/ |x|) = 2/ |x| in 3D, and so setting R = H.(t — |x — a|)r*(¢,x) we have

OR = 6:(t — |x —a|)r* + H.(t — |x — a|)0,r"
O'R = 6L(t — |x — a|)r* +26-(t — |x — a|)0;r* + H-(t — |x — a|)0*r",

VR =0 al) (= 120 ) Al b a9
AR = 6‘;([7 |)C — a|)ra - 65(1‘7 |X - a|) |x21ﬂa|

X—d
— 5.t — x—a])2—=
(1= a2y =

gR = H.(t — |x — a|)gr®.

-V + H(t — |x — al)d.r*,

Take all terms into account next. Then

Oc(t—|x—al) _ q(x)d-(r —|x —al)
2 A _ = (6% — -
(@ A ‘I)Us (6t A) 47T|x_a| 47T|x—a|

[x —

+0l(t—|x—al)(r" —r")+2 (x—alor* 4+ r* + (x —a) - Vr%)

+H(t— |x— a|)(8,2 —A—g)r.

As e — 0 the first term above converges to §(x — a, t) in the space of distributions. The terms
with coefficients 0. and H. vanish. The former trivially, and the latter because our choice of d.
makes sure that supp H. C R, In other words

. 2_ _ _ _
il_r}r})(@, A—q)U. —§(x—a,t)

:11m265<t|_|x_a|) <|x—a|8tr“+r“+(x_a).vra_q(x)>
xX—a

e—0 8w

in 2'(R3 x R).

Denote by f(x, ) the continuous function in parenthesis above. Let ¢ € C=°(R* x R) be a
test function. Then in the support of ¢ for every p > 0 there is § > 0 such that |f (x, 7)| < p if
|t — |x —al|| < §.Let2e < ¢. Then

Oc(t = |x — af)
g.u”@“oo/ s x—d dods
supp

/ Mf(x, 1)o(x, )dxds
R3IxR

x —al

and by integrating the z-variable first we get the upper bound

dx
.</~L||90||oo/ . )mzcw-
a,R,

In other words the remaining term in the expansion for (> — A — ¢)U. tends to zero in the
distribution sense. Hence

(0> = A —q)U. — §(x — a,1)

13
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in 2'(R? x R). Also, since supp d. C R, italso satisfies the initial condition U. = 0 for ¢ < 0.
Finally, it is easy to see that U, — U*“. Hence the latter is a solution to (1) and (2). O

Lemma 3.2. Forn € N let g € C"(R?) and let U be a distribution of order n on R> x R
suchthat U =0ont < 0.If (0> = A — q)U = 0 then U = 0.

Proof. Lety € CX(R? x R) be arbitrary. There is xo € R*and o € R such that p(x, 1) = 0
in|x — x| > to — ¢, i.e. outside a past light cone. Write y = x — xp and s = #y — ¢, and define

00y) =q(y+x0),  Fly.s) =y +x0.00 = 5)-
Then Q € C"(R?), F € C=°(R? x R) and F(y,s) = 0 when s < |y| Lemma 2.3 gives the ex-
istence of w € C"*(R* x R) which vanishes on s < |y|and satisfies (0> — A — Q)w = F.
Let

Y(x, 1) = w(x — xo, 80 — 1).

Then v (x,t) = 0 if |x — xo| > #o — . Since U = 0 for ¢ < 0, the intersection of the supports of
1 and U is a compact set. Since U is of order n and ¢ is in C" their distribution pairing (U, 1))
is well defined. Now

(07 = A —qU,9) = (U, (8] = A — q)¥)
= (U.(& A= Qw) = (U.F) = (U.g)
where U is the distribution U in the (y,s)-coordinates. Since U is in the kernel of the differ-
ential operator and ¢ is an arbitrary test function, we have U = 0. |

Proof of theorem 1.2. Uniqueness follows directly from lemma 3.2. We shall build a solu-
tion r“ to the Goursat-type problem of lemma 3.1. We switch boundary conditions as was done
at the beginning of section 2. Define

1
glx) = %/0 g(a+ s(x—a))ds

and note that ¢ € C"(R?), g € C"2(R?) for n = 5. The well-posedness of the Goursat prob-
lem (theorem 1.3) gives a unique C' solution to

(0} = A —q)r* =0, x€Rt> |x—dq,
=g, x€Rt=|x—aq|.

It has the required norm estimate for any 7 > 0 and in addition it satisfies
(0, + 0,)r* = 0,g

on t = |x — a|. Here r = |x — a| and furthermore we denote § = (x — @)/ |x — a|. If in the
definition of g we switch integration variables to s’ = rs then

1
Og=—-g+
r 8mr

which is well-defined because ¢ = 0 in a neighbourhood of a. Recalling that 9, = 6 - V, we
see that in fact

14
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(x—alo+14+x—a) Vr'=—

on the boundary 7 = |x — a|. Hence lemma 3.1 shows that U“ is a solution to the point source
problem.

The unperturbed Green’s function is supported only on ¢ = |x — al. On f < |x — a| the
solution vanishes. On ¢ > |x — a| it is equal to 7 which is C'. In this topology, it depends
continuously on a because the Goursat problem depends continuously on the potential and
characteristic boundary data. Hence U(a, 27) is well-defined for 7 > 0 and continuously dif-
ferentiable in 7.

Let two potentials g; and ¢, and their associated solutions r{, r§ to the Goursat problem be
given. For any a € 0B and 3 € {0, 1} theorem 1.3 shows the norm estimate

sup sup [0F(rf — 1) (x.27)| < Cumllgr — @2l
xeR3 0< <1

because [[g1 — g2llcr sy < 191 — @2/ 7(rsy and the norms involved are invariant under
translations. Letting x = a and then taking the supremum over a proves the claim because
Uf — US =r{ —r§at(x,t) = (a,27). O

4. Stability of the inverse problem

Now that the direct problem has been shown to be well-defined, including the estimates for the
point source backscattering measurements, we can consider the inverse problem. The first step
is to write a boundary identity. The following is proven in [RU2] for C°°-smooth potentials,
but it works verbatim in our case too.

Proposition 4.1. Let B = B(0, 1) be the unit ball in R and q1,q, € C!(B). Leta € OB and
let U{ and U3 be given by theorem 1.2 for q = q;, j = 1,2. Then

Ui(a,27) — Uj(a,27) = ﬁ /I - (g1 — g2)(x)do(x)
+ /| (o= @)Wk ads o

with

a4y (x, 21 — |x — 27— |x—al
k(x,7,a) = (i + )27 — v — a)) +/ r(x, 27 — 1) (x, 1)dt
\

4w |x — a —al

iflx—al <.

If we have moreover ||qj|| -» < M < oo then

ler

sup sup / |k (x, T,a)|2dc7(x) < Campp < 00, (24)
h<r<1 |a|=1 J|x—a|=7

sup sup / |07 (Tk(x, 7',a))|2 do(x) < Cpppp < 00 (25)
h<T< |a|=1 Jh<|x—a|<T

for any h > 0. Note that k(x, T, a) is singular at x = a.

15
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Proof. We shall skip the proof of the identities as they have been proved in section 3.2 of
[RU2]. It is a matter of calculating

/_oo / (g1 — q2)(x)US (x, 1) Uf (x, 27 — t)dxdt

on one hand by integrating by parts, and on the other hand by using the expansion (6). The
estimates for k follow directly from (7). O

Our next step is an integral identity related to the first term in (23). The proof for the esti-
mate for E(a, 7) can be dug from the proofs in [RU2]. We prove it again here, both for clarity,
since this estimate might be of interest on its own, and for having an explicit form for the
constant in front of the sum.

Proposition 4.2. Let Q € C!(B) with B the unit disc in R3. Then for all a € B and
0 < 7 < |a| we have

T -7
O <47r7'2 /|x—a|—T Q(s)da(x)) = ) Q((l - T)a) + E(a.7) (26)

where

Ea,7’2<; Mdax.
D) - = =

i<j

Here the Q;; are the angular derivatives x;0; — x;0; depicted as vector fields in figure 1.

Proof. We may prove the proposition for Q € C2°(B) and then get the claim by approximat-
ing. Test functions are dense in C!(B) and sup [f| + sup |Vf| < C||f||~. By proposition 2.1
in [RU2]

T B 1—71 — Ma i LQ(X) olx

where a = a(a, x) is a unit vector orthogonal to x and ¢ is the angle at the origin between x
and a.
Let Tj; = x;e; — xje; so §); = Tj; - V. Then for any vector v we have

Tl}) Tij ( X ) X
V= ve— | —+\(v-— | —.
2 ( [l /[ [l /]

i<j

On|x — a| = 7 set v := « and then take the dot product with VQ(x). We get

W - Vo) =D (o Ty)(Ty - VO)(x) = > (- Ty)Q%4Q(x)

i<j i<j

since x L a. By the Cauchy—Schwarz inequality

16
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since |Tj| < |x|. This implies

192,;0(x)]
|E(a,7)| < = ;j/lx—a=f 7|x\j|sin¢|da(x)'

The law of cosines gives us 2|a||x|cos ¢ = |a* + |x|* — 72. Solve for cos¢ to get
sin ¢ = £+/1 — cos? ¢ and hence
1 2 |al |x]|
sin
0Ll P — (af + b — )
_ 2 ]
~ =7l + 7 la) (7 + lal — RN (T + lal + )

But note that by assumption |a| > 7 > 0 and |a| > |x| for all x € B. Hence
! 2l |x|

sing| Val =7/ = (lal = 1)v/7/]d]

and we can continue with

af > __%0WI
S 2nr I =7 2 Syt R = (= 7)

Finally, use the Cauchy-Schwarz inequality twice: once for (3, L) <3y, <
and a second time for the product of the two function |2;Q(x)| /(x| — (|la| — 7))!/* and
(|x| = (la] = 7))~ /% It gives

o 3l 2000F
el < iy S [ ot

i<j al=7 |X|

|E(a,T do(x).

where 1(a,7) = [\, — 1<ja 90/ Ix] = (la] = 7).

Parametrize the sphere |a — x| = 7 by p = |x| and the azimuth 6 € [0, 2] to calculate

17
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I(a, 7). The latter variable gives the inclination of the plane aOx with respect to a fixed refer-
ence plane passing through O and a. See figure 2. We also introduce the polar angle £. Using
the standard spherical coordinates &, § we have

d
do(x) = 7% sin £dédO = 72 sin{d—gdpdﬂ.
P

By the law of cosines |a|* + 72 — 2 |a| 7 cos € = p* Solve for cos ¢ and differentiate this with
respect to the variable p. Note that a, 7 are constants, but £ = £(p). We get
d¢

, d
—smg@ = d—pcosf =

__r
jal T

which implies that do(x) = 7 |a| ™" pdpd6.
Thus, since Q vanishes outside B, we have

2w plal -1 dpdo T d

I(a,T):/ / Mghr/ —p:4ﬂ'7'3/2<47r7'\/|a|.
0 Jla=r v/p = (la] =) o VP

Finally use the fact that B is the unit ball and thus |a| = 1 to conclude the claim. O

We are now ready to prove stability for point source backscattering.

Proof of theorem 1.1. Write U“ = U{ — U5 and g = q; — q». By the assumptions and
proposition 4.1 we have

T(NJ“(a,ZT) S /_ _ g(x)do(x) +/ q(x)Tk(x, 7,a)dx

327272 l—a| <7
for any 7 > 0, in particular for 2 < 7 < 1 which we shall assume now. By proposition 4.2 and
the differentiation formula for moving regions (e.g. [Evans] appendix C.4) we get

1—7

Or (Tf]“(a, 27)) = 3 q((1 =7)a) + %E(a, T)

+/x_a|_T G(x)Tk(x, t,a)da(x)+/ 3(x)0; (Tk(x, 7, a))dx.

x—a|<T

By the Cauchy-Schwarz inequalities of R* and the L2-based function spaces
L*({|x — a| = 7}) and L?>({|x — a| < 7}) we have

(1 =72 |3((1 = 1a)|” <2560, (r0%(a,27)) [} + 16 |E(a, 7)

+256 / G0 dor(x) / Irk(x, 7, @) dor(x)
[x—al=7 supp gN|x—al=7

supp gNlx—a|<T

+ 256/ 100 d 0. (rk(x, 7)) > dx
—al<r

Note that g (x) = ¢a2(x) = 0 for |x — a| < h. Also recall the estimates (24) and (25) for int-
egrals of k from proposition 4.1. We can proceed then with
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Figure 2. Reparametrization of [x — a| = 7.

(1—-7) | ( (1 —=7)a )|2 < CM);,,B( |OT (Tf]“(a, 27))‘2 + |E(a, 7')|2

+ () do(x) + /| » )P )

|x—a|=7

since[|g1/|c. 192/l < M.
Integrate the above estimate with | cop - - - do(a) and use the coordinate change of lemma

5.1. Then write Q(r) = le|=r |(x))> dor(x) and scale the integration variable on the left-hand
side to get

ol —7) </ |6T(D“(a,27))|2do(a)+/ |E(a,7)|* do(a)
Crmnp la]=1 la]=1
2 12
+7r/ G0 2T (=), 27)
|x|>1—7 ‘x|

Next, estimate |[E(a, T) |2 using proposition 4.2. Then change the order of integration using
lemma 5.1, switch to angular coordinates, and apply angular control (3) to get

ot < 5T 4wl
AJH)I(KI ZLmJﬂW_tT()

1—72/1 T/lxl_rr\/tﬁjq%d o(x)dr

i<j

cor [ 12 g 28)
A e l=Tr/r—(1—=7)

Similarly, the last term in (27) can be written as

1 2 _ 2
= / L U W YO (29)
1—7

r

19



Inverse Problems 33 (2017) 125003 E Blasten

Finally, combine estimates (28) and (29) to change (27) into

Q(l—71) < CM,h,B/ |0, (rU“(a, 27-))|2da(a)

lal=1

1 2 2 _ _\2
+CM,h,B/ ( 6821 L T2 )Q(r)dr
1 (1—7)r

—r r—(1—-71) r

which is valid for 0 < 7 < 1.

Our next step is to prepare for Gronwall’s inequality. The inequality above can be written
as

wh?<dﬁ%+A B(r.5)p(s)ds (30)
for 0 < 7 < 1 where

o(r)=9(1 —71), d(r) = CM,;,,B/ |8T(Tl7”(a, 27')){2d0(a)

lal=1

and

6S%T n 7TT2 +2r — 5%
(1—7)1 —s)v/7T—35s 1—s '

Because of the singularities of 3 we restrict (30) to 0 < 7 < 1 — ¢ for any given € > 0. We
havel —s > 1 —7 > e > 0and 7 < 1. In this situation we see easily that

thmw(

6CM,;,,BS2 37TCM’;,,B < 652 + 37 CM,h,B

2T —s JeT—s5s & Jr—s

Denote Cs v = (652 + 3m)Cat s
An application of Gronwall’s inequality (lemma 5.2) implies

B(T,s) <

(1) < (1 + 2C5,M,;,,3€_2) . sup 1 d(7p) exp (4C§,M,h,35_47) 31)
<1<

for 0 < 7 <1 —e. Now, given any 7 € (0,1) we choose € > 0 such that 7 < 1 —¢ and
the right-hand side of the estimate above is minimized. These conditions are satisfied for

€ =1 — 7. The claim (4) follows after recalling that p(7) = f|x|:l—T l(q1 — q2)(x)|* do(x)
and applying simple estimates.

Let us prove the norm estimate for ¢ = q; — g, over the whole B next. Rewrite (4) as
- 4
1112 =y < AeS/”

where A = ||U§ — U4||. Since C!(B) — W'*°(B) and the potentials are supported in B we
have the Lipschitz-norm estimate |g(x)| < ’?](x + fi)’ + 2¢M for any ¢ > 0. Integration

[x]

gives
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r

; Van AR/ +0?
1G1] 2 1x=ryy S 2VATMrL + +£Ae

which we can estimate to

||ZIHL2({\X|:,}) < 2mM€+Ae€/Z4

because 0 < r < 1and ¢ > 0. The full domain estimate (5) follows from lemma 5.3.

The proof for g; — g radially symmetric proceeds as above until (30). Since in the condi-
tion of angular control (3) we can assume that § = 0, we have

2 42r— 52 o C_//\/l’h’B
1—y S l—s

ﬂ(T’ S) = CM,h,BT(

and so

T T (s
o <ot - g+ [ Eas
CM,I’L,B 0 1—3s

This type of integral inequality implies
/! a a i C// .
(7)< Chans |05 - U5 [ 22205
= Chaas |US = US|P (1 = 7) 2
for some o = a(M, h, B) by Gronwall’s inequality. Note that here 7 is allowed to be any-

where in the whole interval (0, 1) without any of the constants blowing up. Following the rest
of the proof implies Holder stability. O

5. Technical tools

We collect here some basic calculations and some well known theorems so that we may refer
to them without losing focus in the main proof.

Lemma 5.1. Let f be a continuous function vanishing outside of B and let T < 1 positive.

Then
/‘a . /| S eodota) = 2r7 / |>I_T%dx

and

X ola)=m @7—2, —1x)?
[ e =a [ I8

Proof. The first equation was proven just before formula (2.10) in [RU2]. The left-hand side
of the second equation was shown to be equal to

[ g [ e e et

therein too.
21
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The last equality follows by noting that the integral of the Heaviside function is just the
area of the spherical cap arising from the intersection of |a| = land|a — x| = 7. If x| < 1 — 7
then this intersection is empty. Otherwise the area is seen to be 27 - r - h, where r = 1 is the
radius of the sphere {|a| = 1} and & is the height of the cap along the ray y0. Two applications
of Pythagoras’ theorem and some simple algebra imply that & = (72 — (1 — |x|)?)/(2 |x|) and
thus the final equality is proven. O

Lemma 5.2. Let b > a and d: (a,b) — R be bounded and measurable. Moreover let
B: (7,8) = B(7,s) be measurable whenever T,s € (a,b) and s < 7. Moreover let it satisfy

C
Jr s

for some C < oo whenever s < T.
If ¢: (a,b) — R is a non-negative integrable function that satisfies the integral inequality

+ /T B(7,5)p(s)ds (32)

for almost all T € (a,b), then

o(t) < (14+2CVb—a) sup d(To)e“CZT.

a<to<b

B(r,s) <

Proof. First of all note that since ¢ > 0, we may estimate [ from above in the integral, and
see that the former satisfies

o(r) <d(1) + C/T \/‘i(sf)sds

for almost all 7.
Next bootstrap the above by estimating ¢ inside the integral using that same inequality.
Then

ds’ds.

s <anee [ Foure [ [ 20—

The double integral is estimated as follows: [ [*...ds'ds= [" [ ...dsds’, and then
we are left to estimate [, ds/y/7 — sv/s —s'. To do that split the interval (s, 7) into two

equal parts by the midpoint s = (7' +s')/2. In the interval s € (s', (7 +s")/2) we have

1/VT—s</2/(T—¥) andf(ﬂ_Y /zds/\/s—s = /2(7 — ). Their product is equal to

2. The same deduction works in the second interval. Hence

T s
<4
/s/ T —svVs— s

indeed and

o(1) < +C/ md —|—4C2/ ©(s)ds’
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follows.
The first two terms above have an upper bound

(14+2CvVb—a) sup d(m)

a<ty<b

because f ds//T —s =2\/T —a < 2v/b — a. Gronwall’s inequality implies the final claim:
If o(1) < C1 + G [ (s)ds for 7 > 0 where ¢ > 0 then ¢(7) < C exp(C,7). This follows
for example from appendix B.2.j in [Evans] and some algebra. Note however that the integral
form of Gronwall’s inequality in appendix B.2.k of [Evans] is weaker than this one. |

Lemma5.3. Let f: Ry — R be a positive function satisfying

£(0) < Al + Ae¥/”

for some A < oo and any £ in its domain. Then if 0 < A < e~ we have

A(2Qﬁ)1/4 +2
where £} = €/(In -~ ) If A > e~ then we have the linear estimate

f(lo) < (A€* 4+ 1)eA.

for 3 =
Proof. Since A < e~ ! the choice of ¢y is proper. Moreover we see immediately that
( )1 /4
‘ + VA
fth) < (In D)1/

Recall the elementary inequality lné < %a’b for b>0 and 0 <a < e L Set h=2 and
a = A to see that

2 2
VAL S — 2
In K (1 K)1/4
since ln > 1 then. The first claim follows. The second claim is elementary. O

The following is from personal communication with Rakesh.

Lemma5.4. Let p: R — R be a measurable function. Then, given any time t > 0 and posi-
tion x € R" with t > |x|, we have

2
Y+ -y <t = (=) —|x—y

and

=)= lx—yf
/ p((t—1Iy))* =[x -yl )dy
Iyl+lx—yl<r Iyl

PP~ e = ol — )

/le%\/ﬂ—\xP [wl
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Proof. The first claim follows from the triangle inequality applied to a triangle with vertices
x,yand 0: t — |y| + |[x — y| = |x| = |y| + |x — y| = 0, so we may multiply the inequality

t=y—=|x—=y=0

by the former without changing sign.
Let py(r) = p(r)for r > 0 and p (r) = 0 for r < 0. Denote the left-hand side integral in

the statement by /. Then

pe (1= y1)% = Ix —y%)
= / Iyl @

/Rs /°° o |y| P (= y)* =[x — y* )dsdy

/ [ ”' P (1 — )P — x — o[ )dyds
R3

- 2/ - 5(52 — ) i (£ = [y)? = |x — yI* )dyds.

/

Let L;: R? — R? be a rotation taking x ~ (|x|,0,0). Let it map y + y’. Then dy = dy
and so

1= 2/ 3<5(s2 =) e ( =Y = [Lix =y )dyds.
—oo J R

Next let (s,)") + z € R* be the Lorentz transformation given by

_ ts—|x|y1 ty’1—|x|s _ _
> 22 =DY2, Z13=Y)3.
Ve — |2 V- e

It is a trivial matter to see that dz = dy’ds and the following identities
G-d=s 0 (YRR ) - = -9 (e )
Finally, denoting |z]* = 22 4+ 22 + 2 and z - z = 22 — |z|*, we have
Ifg/a@znu«v o — 20 — |2 )z
(z0— |z
/ / 3z — ) (2 = x* = 20)? — |2* ) dz1dzadzadzo
R3

2
2
p((y/ 2 = Ik = J2)? = I2]
:/ ( )dzle2d13
R3 |Z|
2 2
/ (2= X" = W) = w]")
= dw
R3 [wl
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which implies the claim since (y/f —|x|* —|w[)2—|w|>*>0 if and only if
2 — x> = |w| = |w| > 0. O
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